We perform a systematic analysis of k-strings in the framework of the gauge/gravity correspondence. We discuss the Klebanov-Strassler supergravity background which is known to be dual to a confining supersymmetric gauge theory with chiral symmetry breaking. We obtain the k-string tension in agreement with expectations of field theory. Our main new result is the study of one-loop corrections on the string theoretic side. We explicitly find the frequency spectrum for both the bosons and the fermions for quadratic fluctuations about the classical supergravity solution. Further we use the massless modes to compute 1/L contributions to the one loop corrections to the k-string energy. This corresponds to the Lüscher term contribution to the k-string potential on the gauge theoretic side of the correspondence.
Introduction
for large N or whether the scaling exhibits a sine law where
What adds to the controversy is that on the one hand, the 1/N expansion of QCD agrees with the sine law scaling [13, 14] , while on the other hand lattice calculations favor Casimir scaling (1/N) [15] . Nevertheless, both the sine law and the Casimir law respect the symmetry k → N − k, an important feature of k-strings which describes replacing quarks with anti-quarks [16] .
There is, by now, a vast literature of k-strings in the context of the gauge/gravity correspondence that originates with this and other interesting observations made in [16, 17] and extends to investigations of the k-string width due to the electric flux [18, 19] . A very complete review is presented by Shifman in [20] . Our goal is to revisit the k-string tension in the context of the gauge/gravity correspondence and more importantly to understand the structure of fluctuations and their contributions to the Lüscher term. The k-string tension can be computed as the classical value of the Hamiltonian for a particular static classical supergravity configuration. In this work we start with the Born-Infeld action associated with a Klebanov-Strassler [21] supergravity background and evaluate the tension from the solutions of the field equations making no approximations. We find, in agreement with [16] , that tension is We also find that it exactly satisfies the aforementioned k → N − k symmetry. Our main result of this note is to compute the quadratic fluctuations of the Hamiltonian incorporating both bosonic and fermion fields. These fluctuations correspond to the one-loop correction to the k-string energy. By summing the zero point energies we are able to calculate the leading order corrections to the energy as well as the Lüscher [22] term,
Summary of AdS/CFT Correspondences
Note, that since the Lüscher term in independent of k, it too satisfies the important k → N − k symmetry.
Electrically and magnetically charged Dp branes
In this section we discuss the general formalism. This is a classical analysis that can be found in various papers, we present it here for completeness. The starting point is the action of a Dp brane in a supergravity background
(2.1)
In this expression g µν and B µν are the induced metric and B-field in the world volume of the Dp brane. The field strength F µν describes a U(1) potential which in turns induces the electric and magnetic charges in the world volume of the Dp brane. Our problem can basically be formulated as: given a supergravity background find classical solutions of the embedding describing electrically and/or magnetically charged Dp branes; compute the energy of such configurations and the spectrum of its small fluctuations.
From the gauge theory point of view we describe a string extending along the coordinates (t, x). From the gravity side we are going to describe a D3 brane wrapping a two-cycle which we parameterize as (θ, φ). Therefore the world volume coordinates are ξ µ = (t, x, θ, φ).
(2.2)
We also turn on a gauge field in the world volume of the brane which is described by two non-vanishing components of the field strength, F tx and F θφ . Thus
The action for D3 branes is
One can consider the equation of motion for F tx and find that
where D is the displacement. A way to determine the constant is through the quantization conditions which arises due to the coupling of the B-field [23, 24, 25] :
The situation for the magnetic component is more straightforward, one simply demands F θφ to be quantized [26] 
This leads to q units of flux after integration over the 2-sphere which the D3 brane wraps.
One can now define the Hamiltonian density as
The Hamiltonian takes the form
3 K-Strings in the Klebanov-Strassler background
Review of the Klebanov-Strassler background
There are many interesting reviews of the Klebanov-Strassler background [16, 27, 28] .
However to facilitate the reader, this section will review the salient features which are relevant to this work. We begin by considering a collection of N regular and M fractional D3-branes in the geometry of the deformed conifold [29, 30, 28] . The 10-d metric is of the form:
where ds is the metric of the deformed conifold [31, 21] :
where
and
The 3-form fields are:
Solving these for B 2 and C 2 results in
The self-dual 5-form field strength is decomposed asF 5 = F 5 + ⋆F 5 , with
The functions introduced in defining the form fields are:
The equation for the warp factor is
For large τ we impose the boundary condition that h vanishes. The resulting integral expression for h is
The above integral has the following expansion in the IR: find it more favorable to arrange itself.
Review of Herzog-Klebanov k-String Tension
In this section we review the original calculation presented by Herzog and Klebanov (HK) in [16] . Our goal is to clarify the extent of their simplifications and provide a more complete computation of the strings tension.
Herzog and Klebanov construct their model by considering the metric in the τ = 0 limit. By performing an S-duality transformation they are able to send F 3 ↔ H 3 and exchange k fundamental strings for k D1 branes. Further a T-duality transformation along the D1-brane direction yields k D0-branes on an S 3 with M units of NS-NS flux.
This is related to the setup of Bachas, Douglas and Schweigert [26] who found that q D0 branes blow up into an S 2 via the Myers effect. We consider a D3-brane wrapping the S 2 , that is with world volume given by the parametrization
The KS background metric at
where the new constants h 0 and K 0 are the τ → 0 limits of h(τ ) and K(τ ), respectively.
After S-duality we find that, for τ = 0 we have F 5 = 0, and C 2 = 0. Under S-duality the RR 3-flux becomes H 3 flux. The corresponding B-field is given by
There is an ambiguity in choosing this B field. The quantity that appears in the equation of motion is
By applying a coordinate change ψ → 2ψ − π, the metric KS background at τ = 0 becomes h
and H 3 becomes
leading to a B 2 of the form
We will also consider a world volume U(1) field strength
This is a magnetically charged U(1) field. Naturally, it represents the charges of D1-strings. The charge q represents electrically charged strings under an S-duality transformation which are further interpreted asuarks on the gauge theory side.
Since for this case C 4 = C 2 = 0 we have no contribution from the Chern-Simon term. The action is then 27) Minimizing the Hamiltonian with respect to ψ one finds:
By substituting the solution into the Hamiltonian one finds the k-string tension
Herzog and Klebanov showed that since b ≈ 1 one obtains that
3.3 The k-string tension in the KS background
We propose that under the parametrization 3.18, the D-Brane action has a solution given by ψ = constant and equation 3.
19. We will demonstrate this by directly solving the field equations for the bosonic fields, and later will show that it is indeed a classical solution when we fluctuate around it. Then no first order fluctuations survive up to total derivative terms. Following the strategies of [32, 33] , we proceed to evaluate the tension without applying S-duality.
In the KS background, we find the pullbacks of B 2 and the Ramond-Ramond fields C i to be
Further we consider electrically charged D3-branes, along the x-direction so that 32) and all other components are zero. Normally due to the fibration of 10D space-time one does not get a round metric as the induced metric. Our result relies on a very specific choice of the volume coordinates. We find the induced metric to have topology
where the scalar curvature is
From the action, Eq.(2.5), we explicitly calculate the field equations for τ , ψ and A x and find that when τ → 0 and ψ = ψ[θ] the field equation for ψ reduces to
By exploring the solution ψ[θ] = ψ 0 , a constant, the field equation for ψ reduces to
The ψ 0 dependence of F tx can be further obtained from the Euler-Lagrange equa-
One can solve for the dependence of ψ 0 and write
The solution to the field equations requires that ψ 0 satisfies . This constraint equation from minimizing the action is the same that one arrives at when minimizing the Hamiltonian density:
with respect to ψ 0 . Evaluating H at ψ 0 yields the minimized Hamiltonian:
We interpret this as the k-string tension. Since b ∼ 1, equation 3.44 yields that
. Upon setting D = k − M/2, the k-string tension approximately simplifies to the sine law:
which vanishes when k is an integer multiple of M.
We can numerically solve the transcendental equation for ψ 0 for given M, and plot the resulting k-string tension as a function of k. Figure 1 compares the exact k-string tension to sine law scaling and Casimir scaling for M = 3 and M = 6. The exact KS tension sits between the sin law and the Casimir law.
So in our analysis, we find approximate agreement with the sine law from lattice gauge theories of QCD. The SU(M) k-string tension vanishes when the D3-branes flux, 
Excitations of k-strings
Up until now, we have only calculated the ground state k -string energy, E 0 = T k L.
We now calculate one loop quantum corrections to this energy by allowing the fields to fluctuate around their classical solutions, expecting a Luscher term, proportional to 1/L. The vanishing of first order contributions in the fluctuating fields assures us that we are fluctuating around a classical field configuration.
Fluctuations Around the Classical Solutions of the D3-brane action
We proceed by investigating small fluctuations around the classical solutions of the bosonic fields X a , the gauge potentials, A µ , and the fermion fields, Θ [26] , of the D3-brane action:
The equations of motion for these new fields will yield the energy eigenvalues of the Hamiltonian for the quadratic fluctuations.
The general form of the action for D3-branes breaks up into bosonic and fermionic terms [34, 35, 36, 37, 38, 39 ]
where the bosonic action S (b) is the same as
Here, M 0 , is a sum of the classical values of g (0) and
and M 1 , M 2 , M 3 , and the Γ α matrices are calculated in appendix A.
We proceed by using the reparametrization invariance of the D3-brane world volume to reduce our considerations to only six fluctuations out of the 10 bosonic SUGRA fields. The world volume coordinates take the static gauge of
We vary the fields from their classical solutions in the following way,
where we will be careful to take the τ 0 → 0 limit at the appropriate time to avoid singularities.
With this explicit shift, the fields B ab , C ab , and the 10-D bosonic metric, G ab , all can be expanded to at least quadratic order in the fluctuations:
The Ramond-Ramond four-form has only one non-vanishing component, which is second order in the fluctuations in the τ 0 → 0 limit 8) and so is zero to quadratic order when pulled back to the D3-brane.
The U(1) gauge potential undergoes a very simple shift, and is only first order in the fluctuations:
The Chern-Simons part of the D-brane action is, to quadratic order,
2 )]. (4.10)
We now expand the square root in the bosonic action to quadratic order. We will utilize the following formula to accomplish this:
Putting all this together, we find the bosonic action to be, to quadratic order, 13) where the first and second order actions have the following forms:
2 ] (4.14)
The lowest order piece, S
(0) , is that which was calculated in section 3.3.
Bosonic Fluctuations
Continuing with the analysis, we will first show that the first order bosonic action, S
(1) , vanishes, up to total derivatives, confirming our previous result that we are fluctuating around a classical solution. Next, we will find the Hamiltonian eigenvalues, ω, for the quadratic fluctuations and use them to calculate the one-loop correction to the k-string free energy.
First Order Bosonic Action
Evaluating S (b) (1) at the classical solution, ψ = ψ 0 , we find that it vanishes up to total derivative terms:
This confirms our earlier result that we are fluctuating around a classical solution.
Second Order Bosonic Action
The second order bosonic action, after some simplifications, takes the covariant form:
where the covariant derivative, ∇ µ , is with respect to an effective metric, g (eff) , on the D3-brane
This effective metric has the same topology, R 1,1 × S 2 , and scalar curvature, R, as the induced metric 3.33. The field Ψ is a combination of the fields δψ, and δφ p 19) and contains all the contributions of δψ and δφ to the quadratic action suggesting a redundancy in the fields. We discuss this below. The covariantly conserved U(1) gauge current is given by
The various constants in the previous few equations are
The Euler-Lagrange equations for the boson fields, derived from the action 4.17, take the form:
Observe that we found no field equation for δθ m and that a field redefinition absorbs δφ p in Ψ. This is consistent with the way we arrived at the D3 brane through the D5 brane of the K-S background via a deformed conifold where the base is an S 3 × S we again find no field equations for δW or δZ, up to total derivatives.
Bosonic Eigenvalues
We now set out to solve the bosonic equations 4.22 -4.25. Notice that the composite field Ψ looks like a tachyon with an electric source δF tx . With the definition of the Riemann curvature tensor 27) we can cast the U(1) gauge field equations 4.25 into the following form:
We can further simplify these three equations by noticing that the Ricci tensor has only two non-vanishing components:
Working in the temporal gauge, δA t = 0, the Gauss' law constraint is identified in equation 4.28 as
We try the following ansatz for δA µ , Ψ, and δτ :
δτ = dp dω
where the Y are vector spherical harmonics which satisfy the eigenvalue equation
Using an ansatz withÃ θ =Ã φ , the Gauss law constraint 4.30 becomes simply 
where 17.5055
Next, we have the coupled fields δA θ , δA φ , and δτ , whose eigenvalue problem
Finally, the two massless equations 4.22 can be solved with
yielding two identical eigenvalue problems
We now organize equations 4.39, 4.41, and 4.43 into the succinct form: and ω
Furthermore, the six eigenvalues of this matrix are the squares of the bosonic energy eigenvalues, ω.
Fermionic Eigenvalues
Here we present a detailed solution to the fermionic field equations. We start by 
where M 0 is as before, and M 1 , M 2 , M 3 , and the pulled back Γ α matrices are found in appendix A. There it is shown that M 1 contains the spin connection, Ωāb β , which is antisymmetric inā andb, and has the following non-vanishing components in the τ → 0 limit: This complication stems from the fact that the 10-d KS background has paired θ and φ coordinates, θ 1 , θ 2 , φ 1 , and φ 2 , and is the main source of complexity in the fermionic field equations.
We proceed by using a harmonic ansatz for δΘ in the Dirac equation 4.48 [39] : δΘ = dp dω 
where the Hamiltonian H (f ) has the block diagonal form
The exact forms of the eight by eight matrices H 
where c 8 (p, l), c 9 (p, l), and c 10 (p, l) are given in appendix B.
One Loop Energy Corrections: The Luscher Term
Following closely [7, 40] , we now demonstrate our semi-classical approach to calculating the one loop energy corrections of k-strings. We calculate the one loop energy corrections as the sum of the bosonic and fermionic one loop energies
where As shown in appendix C, only the massless modes contribute to the 1/L piece and we find that
where we interpret 1/L dependent V Lüscher as a Lüscher term This is to be compared to the Lüscher terms for a confining four dimensional gauge theory were there are two massless modes and to the gravity theory where there are two massless modes coming from quantizing the string [41] . Furthermore the Lüscher term (since it is constant in k) as well as V c (k) respect the symmetry for k → M − k and this is shown in appendix C. As it turns out, regulating the fermionic eigenvalues is quite difficult (see 4.55) but as there are no massless modes in this sector, we do not expect the fermions to contribute to the Luscher term. We should remark that other researchers have found 1/L contributions at the classical level in the case of a Maldecena-Nunez supergravity background [42] .
Conclusions
One of the hopes of the gauge/gravity correspondence is that we may soon have enough machinery to make predictions about present day QCD even though the duality is coached around supergravity and supersymmetric gauge theories. In this work we focused on the Klebanov-Strassler supergravity background. In order to probe this background, we calculated the field equations for the D3-brane action and found that, in agreement with Herzog and Klebanov, a near sin(πk/M) behavior for the string tension of the k-strings. We went further by calculating the one loop corrections to the energy through quadratic fluctuations about the classical configuration. Here we included both the bosonic and fermionic fluctuations in the analysis and found explicit formulas for their frequencies. It is interesting to note that the number of bosonic fields that contribute to the quadratic fluctuations is more akin to fluctuations on a D5
brane. This suggests that the limiting procedure to arrive at the D3 brane by going to the tip of a D5 brane preserves the diffeomorphism symmetry of the D5 brane thus eliminating the fluctuations of two more of the bosonic fields. By using the massless modes of the quadratic action we were able to find a 1/L correction to the k-string energy which we interpret as a Lüscher term. This result is robust since the massive modes contribute terms proportional to exp(−mL) which has no 1/L contribution. For the 2 + 1 dimensional case, lattice calculations are already available for the spectrum of k-strings, including L dependence, for certain values of N [43, 44] . These lattice results also suggests that the closed string spectrum is in the same universality class of the Nambu-Goto string.
There are a number of questions that our work naturally suggests. First is whether the k-string excitations as computed from the supergravity backgrounds are also among a universality class or do they depend explicitly on the model. One way to understand this is to continue this line of research using other supergravity backgrounds such as 
A Fermionic Action Definition and Results
The general form of the fermionic portion of the D3-brane action used in this paper was found in [38] .
and where We use the following representation for the 10-d flat Γā matrices:
where ⊗ means tensor product, and the σ µ are the Pauli spin matrices, augmented with the identity: and so the 10-d curved Γ a matrices will,in general, satisfy a curved Clifford algebra:
. Also, Γ α are the 10-curved Γ a matrices pulled back onto the D3-brane:
The Spin Connection, Ωāb α in A.2 is the pullback of the full 10-D spin connection, Ωāb a (only the first index is pulled back to the D3-brane):
For the KS background at τ = 0, the definitions A.2 simplify to .10) whereupon plugging these into the fermionic action A.1 for D3-branes gives:
For our solution of the KS background, we find the object
can be expressed as:
and we calculate the pulled back Γ µ matrices to be:
B Fermionic Hamiltonian and Eigenvalues
The two distinct fermionic eigenvalue equations are 
where the constants c ± and c 1± . . . c 4± are 
which must satisfy four coupled differential equations Consistent with these two constraints, we make the following choices for the λ i :
and so we find Y + lm (θ, φ) and Y − lm (θ, φ) to be dependent on the spherical harmonics, Y lm (θ, φ), in the following way:
This newfound knowledge allows us to remove all θ and φ dependence from the eigenvalue equations B.1, leaving us with
where the fermionic Hamiltonians H (f ) i now take the form 20) and can all be written in the form
where f (l) is a function of only l. Demanding vanishing of the bosonic eigenfunctions at x = 0, L, leaves us with p quantized to p = nπ/L. In addition we can easily perform the m summation in C.2, and split up the l summation up as so:
The function f (l) for the first sum in equation C.1 is actually l-independent
We have for this sum then only the leftmost term from equation C.3
Notice we find no Luscher term associated with this oscillation, merely a constant energy contribution. We will take the common point of view that constants such as this do not actually contribute to the ground state energy, focusing merely on Luscher terms, i.e., terms proportional to 1/L.
We look now to the next sum in equation C.1, which has l dependence given by f (l) = f 2 (l) = g xx R 2 l(l + 1). (C.6)
Which means we will need to analyze both terms in C.3
The function f ζ (s) is defined as Finally, we regularize the final two sums in equation C.1, whose l dependence can be written succinctly for both terms as f (l) = f ± (l) = a 1 l(l + 1) + a 2 ± a 2 1 + a 3 l(l + 1) (C.9) with a 1 = g xx R 2 , a 2 = g xx m The first term, V Lüscher , is a Lüscher term, signified by the 1/L dependence. The second term, V c (k), is independent of L, the length of the k-string, and is merely an additive constant. The Luscher term, obviously respects the k → M − k symmetry, as it is independent of k. This symmetry, however, is not at all obvious for V c (k).
Through careful inspection of V c (k), we find that it's k dependence depends on only the following list: 44) respects the symmetry ψ 0 → ±ψ 0 under exchange of k quarks with k anti-quarks (k → M − k), then cos ψ 0 will remain invariant, and thus, so will V c (k). We find that the transcendental solution exactly satisfies this condition, as shown in figure 2.
